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Surface Evolution, Implicit Differential Equations
and Pairs of Legendrian Fibrations
RicardoUribe-Vargas∗
Abstract. We present the list of unavoidable local phenomena (bifurcations) occurring
on the parabolic and flecnodal curves of evolving smooth surfaces in R3 (or RP3). We
also present the list of bifurcations occurring on the curve of inflections of the solutions of
evolving implicit differential equations (IDE). Our results are based on the properties of the
contours of surfaces (in a contact 3-space) for projections all whose fibres are Legendrian.
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1 Introduction
A generic smooth surface in R3 can have an open hyperbolic domain at which
the Gaussian curvature K is negative, an open elliptic domain where K is
positive and a parabolic curve where K = 0. The flecnodal curve is the line
formed by the inflections of the asymptotic curves (in the hyperbolic domain).
If the surface depends on one parameter (say, the time) the configuration
formed by the parabolic and flecnodal curves may change.
In the middle of the 1980’s, while working in computer vision problems,
D.Mumford communicated to V.Arnold the following problem :
Find all local bifurcations of the parabolic and flecnodal curves that can occur
in generic 1-parameter families of smooth surfaces.
Our first main result is the list of bifurcations of Fig. 4. For example,
The birth of a hyperbolic disc generates the birth of a flecnodal curve inscribed
in the bounding parabolic curve and having the form of the number 8 :
.
We distinguish two branches of the flecnodal curve : “left” and “right”,
defined below. Here and below, we represent the elliptic domain in white, the
right branch of the flecnodal curve in black and the left branch in white.
A godron is a parabolic point at which the (unique) asymptotic direction
is tangent to the parabolic curve. It is well known ([18, 11, 17, 13]) the
Theorem. At a godron of a generic smooth surface the flecnodal curve is
tangent to the parabolic curve. (Godrons are white points in the above picture.)
Theorem 0 [21]. Godrons locally separate the left and right branches of the
flecnodal curve.
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A projective umbilic or node is a point where the surface is approximated
by a quadric up to order 3. We call hyperbonodes the hyperbolic nodes and
ellipnodes the elliptic ones. At a hyperbonode the left and right branches of
the flecnodal curve intersect transversely. An ellipnode is a real intersection
point of complex conjugate flecnodal curves. Theorem2 (or Fig. 4) has the
Corollary. To have an A3-bifurcation it is necessary to have either an el-
lipnode or a hyperbonode at which the bifurcation takes place : an ellipnode is
replaced by a hyperbonode (or the opposite) and two godrons born or die.
(In the above pictures, there was an ellipnode before the “birth of the 8”.)
More precisely (Th. 2), in “surface-time” 3-space, {St×{t}}, the flecnodal
curves of the surfaces St form a Whitney umbrella. Its self-intersection line
is formed by the hyperbonodes of the surfaces St (say, for t > t0) and the
handle is formed by the ellipnodes (t < t0). The section t = t0 (the bifurcation
moment) is tangent to the umbrella at its pinch-point (Fig. 1).
Fig. 1. Whitney umbrellas formed by the flecnodal curve in “surface-time” 3-space.
Since the planes tangent to S along the flecnodal curve form the flecnodal
curve of the dual surface S∨, the projective dual to a hyperbonode (resp.
ellipnode) is again a hyperbonode (resp. ellipnode) [20], the projective dual
to a parabolic curve is a cuspidal edge and the dual to a godron is a swallowtail
point, we get the following corollary (see also Section 1.3) :
Corollary (of Theorem2). A wave front bifurcation of type A3 (where two
swallowtails born or die) can only take place at an ellipnode or at a hyper-
bonode. See Fig. 2 and compare with the A3-bifurcations of Fig. 4.
Fig. 2. The four A3-perestroikas of generic evolving wave fronts.
Thus, for fronts, we get folded umbrellas in “front-time” 3-space (Fig. 3).
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Fig. 3. Folded umbrellas formed by the flecnodal curve of evolving wave fronts.
The flecnodal curve may have isolated points, called biflecnodes, where an
asymptotic curve has a double inflection (noted b in Fig. 7 of p. 7).
List 1. All local bifurcations of the flecnodal and parabolic curves and of the
above special points of a smooth evolving surface are depicted in Fig. 4.
Fig. 4. Bifurcations of the tangential singularities in generic evolving smooth surfaces.
The sign + or − is the index (defined in p. 8) of the godrons taking part in the bifurcation.
Among some pictures of computer experiments by A.Ortiz, the “8” of the 4th A3-bifurcation
drew V.Arnold’s attention, who suggested to prove (or disprove) the unavoidability of the
“8”. Arnold considered it as a fundamental fact of geometry of surfaces (Paris, 1999).
1.1 Inflections and Implicit Differential Equations (IDE)
Inflection. An inflection (bi-inflection) of a plane curve is a point at which
the curve has at least 3-point (resp. 4-point) contact with its tangent line.
In the sequel we locally give a surface S ⊂ R3 in “Monge form”: as the
graph of a function z = f(x, y) in some affine coordinates. Then the solutions
of the IDE fxxdx
2 + 2fxydxdy + fyydy
2 = 0, on the xy-plane, provide the
asymptotic curves of S. So the inflections of the solutions form a curve which
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provides the flecnodal curve of S (Prop. 5) and the discriminant of this IDE
(whose equation is fxxfyy − f
2
xy = 0) provides the parabolic curve of S.
Writing p = dy/dx, the IDE fxxdx
2 + 2fxydxdy + fyydy
2 = 0 provides a
function af : J1(R,R)→ R on the space of 1-jets of functions of real variable
x, J1(R,R) with coordinates (x, y, p), given by
af : (x, y, p) 7→ fxx(x, y) + 2fxy(x, y)p + fyy(x, y)p
2 . (1.1)
Its zero level is a surface Af ⊂ J1(R,R) given by the asymptotic IDE :
fxx(x, y) + 2fxy(x, y)p + fyy(x, y)p
2 = 0 . (1.2)
More generally, given a smooth function F : J1(R,R)→ R, we study the
curve of inflections of the solutions of the IDE F (x, y, p) = 0 and also its
discriminant (given by F = 0 and Fp = 0). Then we formulate
Mumford’s problem 2 : find all local bifurcations of the curve of inflections
and the discriminant occurring in generic 1-parameter families of IDE.
List 2. We restrict ourselves to “binary” IDE (BIDE) - a binary IDE defines
at most two directions at each point in the plane. Our second main result is
the list of local transitions of the curve of inflections, the discriminant and
the special points (listed below) of an evolving BIDE, given in Fig. 5. The
(real) domain of definition of the IDE is represented by the dark regions.
Fig. 5. The 15 bifurcations of the curve of inflections, discriminant and special points of
generic evolving (binary) IDE.
Special Points. A hyperbolic node of a BIDE is a point of transverse in-
tersection of the left and right branches (defined in Sect. 3.2) of the curve of
inflections. In the domain where a BIDE determines two complex conjugate
directions, the inflections of its solutions form a pair of complex conjugate
curves which intersect at real points called elliptic nodes.
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When it make sense to consider the complex conjugate directions defined by the IDE, then
at a γv bifurcation a hyperbolic node becomes an elliptic node (see Figs. 5 and 16).
To underline that the bi-ellipnode bifurcation could have no meaning for some evolving
IDEs, depending on the considered problem, we include it in a dotted box.
1.2 Comparing the bifurcations of Figures 4 and 5
1. In the cases a to f of Fig. 5, both the discriminant and the curve of
inflections undergo a Morse bifurcation. In the A3 bifurcations of Fig. 4 the
parabolic curve has a Morse bifurcation but the flecnodal curve bifurcates as
sections parallel to a tangent plane of a Whitney umbrella (see Fig. 1); this
phenomenon does not happen for generic 1-parameter families of IDE.
In both (A3 for Fig. 4 and a to f for Fig. 5), the surface of the IDE has a
conic Morse singular point to which we associate a cross-ratio of 4 lines. For
the A3 cases (of evolving surfaces) we show that this cross-ratio equals −1
and the appearance of Whitney umbrellas is due to this harmonicity.
2. Infinite Degeneracy at D4 Bifurcations. The surface A0 ⊂ J
1(R,R)
of the asymptotic IDE of a surface of RP3 having a D4-singularity (i.e. a flat
umbilic point) contains the whole fibre of π : J1(R,R) → J0(R,R) over its
singular point (see Fig. 6). Therefore, this surface A0 defines a non binary
IDE that has infinite codimension in the space of IDE (we can deform A0 to
get an IDE defining an arbitrary number of directions at a point).
Fig. 6. Evolution of the projection pi : Af → R2 for the D+4 and D
−
4 perestroikas.
3. The γv-bifurcation of Fig 5 is absent from Fig. 4. In fact, we prove that
The flecnodal curve of a smooth surface of RP3 (or R3) has never a cusp at a
godron at which the parabolic curve is smooth. (No-Cusp Theorem, below).
This fact imposes topological restrictions on the possible configurations
of the flecnodal curve of a smooth surface. For example,
Theorem [21]. Inside a hyperbolic disc bounded by a closed parabolic curve
there is an odd number of hyperbonodes (at least one).
1.3 Parabolic curve and cuspidal edge of fronts
The simplest description of the local bifurcations of the parabolic curve of an
evolving surface is provided by the typical bifurcations of the cuspidal edge
of an evolving front (which are known long time ago [1]) :
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The tangential map of a generic smooth surface S, τS : S → (RP
3)∨,
associates to each point of S its tangent plane at that point. The dual surface
S∨ of S is the image of τS . Under τS the parabolic curve of S corresponds to
the cuspidal edge of S∨ and a godron to a swallowtail point (c.f. [18]).
The natural approach to the singularities of the tangential map is via
Arnold’s theory of Legendre singularities [5]. The image of a Legendre map
is called its front (see Sect. 3). The tangential map of a surface is a Legendre
map; so for a surface in general position the only local singularities of its
dual surface (i.e. of its front) are those of generic fronts : cuspidal edges and
swallowtails.
Thus we only need to know the pictures of the bifurcations of wave fronts
in three-space, which appeared for the first time in [1], later in [2, 5].
Remark. After my talk on the results of this paper at the ENS-Lyon (December 2004)
E.Ghys and D. Serre let me know the book [14], which describes Korteweg’s studies on
bifurcations of the parabolic and conodal curves of evolving surfaces; such studies were part
of Koteweg’s research on theoretical and practical thermodynamics.
1.4 Flecnodal Curve and Legendrian Fibrations
To describe the bifurcations of the flecnodal curve we shall study duality on
the plane together with the contour of the surface Af ⊂ J1(R,R) (defined
by the asymptotic IDE af (x, y, p) = 0) with respect to the Legendre dual
projection π∨ : (x, y, p) 7→ (X,Y ) = (p, px− y) :
We prove that the standard projection π sends the π∨-contour of Af (i.e.
the critical set of the map π∨
|Af
: Af → (R2)∨) to the curve of inflections of
the solutions of the asymptotic IDE af (x, y, p) = 0 (see Fig. 11).
These notions generalise for a surface V of a contact 3-manifold M and
its contours by two Legendrian fibrations π : M → B and π∨ : M → B∨.
Note. Many results of this paper come from Ch. 7 of my Ph.D. Thesis and were exposed in
the Singularity Theory Semester at Newton Institute (2000) and in a minicourse (Int. Conf.
of Real and Complex Singularities Sao Carlos, 2002), where a preprint was distributed. This
is a completely revamped version: shorter, clearer and includes several new results.
Note. The classification of jets of functions of [19], via central projections of their graphs,
is related to our work. But to apply their normal forms to geometry of surfaces, one requires
additional considerations on the higher order terms not included in their list of jets, and
the moduli of their normal forms require some restrictions (provided by our results).
Organisation of the paper. In Sect. 2, we recall the classification of points
of a surface in terms of the contact with its tangent lines and state our results
on surfaces (Theorems 1 to 5); we recall some background on geometry of
implicit differential equations (IDE) and present the bifurcations of the curve
of inflections for 1-parameter families of IDEs (Theorems 1′ to 4′). In Sect. 3,
we study each IDE as a surface in a contact 3-manifold - this enables to
explain the geometry of the curve of inflections of the solutions of the IDE in
the setting of contact geometry. In Sect. 4 and 5 we prove our results.
Acknowledgements. I thank D.Panov, M.Kazarian, P. Pushkar, F. Aicardi and T.Ohmoto
for useful comments, to D.Meyer for valuable remarks to the first version (in 2001) and to
UMI2001 CNRS Solomon Lefschetz, UNAM Me´xico where I wrote this last version.
To the memory of V.I. Arnold who, in life, pressured me to publish this work.
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2 Properties of Surfaces and main Results
2.1 Classification of Points by the Contact with Lines
The points of a generic smooth surface in a real 3-space (projective, affine or
Euclidean) are classified by the contact of the surface with its tangent lines.
Fig. 7. The 8 tangential singularities of a generic smooth surface.
A generic smooth surface S has three (possibly empty) parts :
(E) an open domain of elliptic points : no real tangent line exceeds 2-point
contact with S; (H) an open domain of hyperbolic points : there are two such
lines, called asymptotic lines (they determine two asymptotic directions); and
(P) a smooth curve of parabolic points : a unique (double) asymptotic line.
The parabolic curve separates the elliptic and hyperbolic domains of S.
In the closure of the hyperbolic domain there is (F) a smooth immersed
flecnodal curve formed by the points at which an asymptotic tangent line
exceeds 3-point contact with S.
There are also four types of isolated points : (g) a godron is a parabolic
point at which the (unique) asymptotic line is tangent to the parabolic curve;
(h) a hyperbonode is a point of transverse self-intersection of the flecnodal
curve; (b) a biflecnode is a point of the flecnodal curve at which one asymp-
totic tangent exceeds 4-point contact with S; (e) an ellipnode is a real point in
the elliptic domain of the simplest self-intersection of the complex conjugate
flecnodal curves associated to the complex conjugate asymptotic lines.
Hyperbonodes and ellipnodes. If the surface is locally presented in Monge
form
z = f2(x, y) + f3(x, y) + . . . ,
where fj is a homogeneous polynomial of degree j, the point is a hyperbonode
or an ellipnode if the quadratic form f2 divides the cubic form f3, that is, the
cubic form is zero modulo the quadratic form.
Example. A smooth surface of RP3, different from a projective plane, is a one sheeted
hyperboloid (ellipsoid) if and only if all its points are hyperbonodes (resp. ellipnodes).
Remark. The above tangential singularities (related to singularities of projections [9, 13,
17]) were known in the 19th Century ([18]), but their normal forms up to the 5-jet, under
projective transformations, were given in [13, 17] and ellipnodes were found by Panov ([15]).
The numbers of ellipnodes, hyperbonodes and godrons on a surface are related to its Euler
characteristic by formulas which determine the possible coexistences of these points on the
surface [10]. A projective invariant and an index for hyperbonodes were found in [22].
2.2 Some Relevant Properties of Smooth Surfaces
An asymptotic curve is an integral curve of a field of asymptotic directions.
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Left-Right. Fix an orientation in RP3 (or R3). A regular smooth curve is
said to be left (right) at the points where its first three derivatives form a
negative (resp. positive) frame. At a hyperbolic point of a generic smooth
surface one asymptotic curve is left and the other is right (cf. [21]) : one of
them twists like a left screw and the other like a right screw. Their respective
asymptotic tangent lines are called left and right asymptotic lines.
Left and Right Flecnodal Curve. The left (right) flecnodal curve Fℓ (resp.
Fr) of a surface S consists of the points of the flecnodal curve of S at which
the over-osculating asymptotic line is a left (resp. right) asymptotic line.
Remark. This distinction is crucial : an observer ignoring this distinction
will be unable to understand why the points of transverse self intersection are
sometimes stable and sometimes unstable and why the following two transi-
tions are both stable .
Flecnodal Curve and Inflections of Space Curves. An inflection of
a smooth curve in 3-space is a point at which the first two derivatives are
linearly dependent (the curve has at least 3-point contact with its tangent
line).
A generic smooth curve of RP3 (or R3) has no inflection. However, the
asymptotic curves of a generic smooth surface may have inflections; being
‘stable’ under small perturbations of the surface. Moreover, if an asymptotic
curve has an inflection, then the neighbouring asymptotic curves have also a
neighbouring inflection. One can prove the
Claim. The curve formed by the inflections of the asymptotic curves of a
smooth surface coincides with the flecnodal curve of that surface.
Godron-Swallowtail. A godron is also defined in terms of singularities of
the contact with the tangent plane – materialised as singularities of the dual
surface. An ordinary godron corresponds to a swallowtail point of the dual
surface (an A3 Legendre singularity - cf. [5]). A double godron is unstable
and corresponds to a bifurcation where two swallowtails born or die (an A4
Legendre singularity). A godron is simple if it corresponds to a swallowtail
of the dual surface. All godrons of a surface in general position are simple.
Index of a Godron. A simple godron is said to be positive or of index
+1 (resp. negative or of index −1) if, at the neighbouring parabolic points,
the half-asymptotic lines directed to the hyperbolic domain point towards
(resp. away from) the godron : .
Five characterisations and several properties of positive and negative go-
drons and swallowtails are geometrically described in [21].
Natural Orientation of the Parabolic Curve. At each elliptic point, the
surface locally lies in one of the two half-spaces determined by the tangent
plane. This half-space, called positive, determines a natural co-orientation
on each connected component of the elliptic domain. By continuity we get a
positive half-space on the smooth part of the parabolic curve [21].
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Let Q be a parabolic point of a generic smooth surface S. Take an affine
coordinate system x, y, z at Q such that the xy-plane is tangent to S and the
x-axis is tangent to the parabolic curve at Q. Direct the positive z-axis to
the positive half-space at Q and the positive y-axis to the hyperbolic domain.
Finally, direct the positive x-axis in such way that any basis (ex, ey, ez) of
x, y, z forms a positive frame for the chosen orientation of R3 (or of RP3).
The vector ex determines a natural orientation of the parabolic curve.
Of course, the natural orientation fits with the local behaviour of the
parabolic curve at the A3 and D4 transitions :
.
2.3 Theorems on bifurcations of tangential singularities
Monge form. We present the germs of surfaces in R3 at the origin in Monge
form z = f(x, y) with f(0, 0) = 0 and df(0, 0) = 0, expressing the partial
derivatives of f with numerical subscripts :
fij(x, y) :=
∂i+jf
∂xi∂yj
(x, y) and fij := fij(0, 0) .
Suppose Sε be a 1-parameter family of smooth surfaces given in Monge form
z = f ε(x, y). Below, all conditions for f = f0 are given at (x, y) = (0, 0).
Theorem 1. Suppose f satisfies f20 = f11 = f30 = 0 and f02f21f40 6= 0.
a) If 3f221 − f02f40 = 0 and 9f21f31 − 4f12f40 − f02f50 6= 0, then we get a
bigodron bifurcation (A4) : two godrons of opposite index are collapsed.
b) If f40 = 0 and f50 6= 0, then we get a flecgodron bifurcation : a negative go-
dron overlaps with a biflecnode which passes from one branch of the flecnodal
curve to the other.
Note 1. To get a godron we need f20 = f11 = f30 = 0 with f02f21f40 6= 0.
a) the equality 3f221−f02f40 = 0 guarantees a double godron and the condition
9f21f31 − 4f12f40 − f02f50 6= 0 guarantees that it is not triple.
b) conditions f40 = 0 and f50 6= 0 guarantee the godron is also a biflecnode.
Example. For an ordinary godron Platonova’s normal form of the 4-jet of
the surface is f(x, y) = y2/2− x2y + ρx4/2 with ρ 6= 1, 0.
If ρ = 1 (i.e. 3f221 − f02f40 = 0) this normal form provides an infinitely
degenerate godron : f(x, y) = 12 (y−x
2)2. To get just a bigodron it suffices to
add a multiple of x3y, by our second condition. The bifurcation of a bigodron
(and of a flecgodron) in generic 1-parameter families is studied in [21].
Theorem 2. If af : J1(R,R) → R has a Morse critical point in general
position with respect to the standard fibrations π and π∨ (f22 6= 0, f02 6= 0),
then in “surface-time” 3-space, {Sε×{ε}}, the flecnodal curves of the surfaces
Sε form a Whitney umbrella. The section ε = 0 (bifurcation moment) is
tangent to the umbrella at its pinch-point (Fig. 1 and bifurcations A3 of Fig. 4).
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Note 2. The geometric meaning of “critical point in general position” is
stated in Sect. 3.6. Using Example 7 with F = af , we get f22 6= 0, f02 6= 0.
To have a Morse critical point of af we need f40(f22 − 2f
2
12)− f
2
31 6= 0. With
these conditions Theorem2 provides the bifurcations A3 of Fig. 4.
Theorem 3. Suppose f20 = f02 = 0, f11 6= 0 and f30 = f40 = 0.
a) If 3f221 − 2f31f11 6= 0, f50 = 0 and f60 6= 0, we get a “swallowtail”
transition - two biflecnodes collapse at a double biflecnode like the maximum
and minimum values of the functions fε(x) = x
3 + εx, at ε = 0 (Fig. 4).
Write A := f50f11, B := f41f11 − 2f31f21, C := 3f31f12 −
9
2f22f21 + f32f11.
b) If 3f221−2f31f11 = 0, f21 6= 0, f50 6= 0, and moreover AC−B
2 6= 0, we get
a Morse bifurcation of the left (or right) flecnodal curve : a “lips” bifurcation
if AC −B2 > 0 and a “bec-a`-bec” bifurcation if AC −B2 < 0 (Fig. 4).
If AC −B2 = 0, the flecnodal curve acquires a semicuic cusp at the origin.
Note 3. f20 = f02 = 0 with f11 6= 0 mean that the asymptotic lines are the
coordinate axes; therefore, f30 = f40 = 0 guarantees the origin is a biflecnode.
a) The condition 3f221−2f31f11 6= 0 implies that the flecnodal curve is smooth;
and f50 = 0 with f60 6= 0 guarantee a double (but not triple) biflecnode.
b) By the condition f50 6= 0 we have a simple biflecnode. The equality
3f221 − 2f31f11 = 0 implies the flecnodal curve of S = S0 has a singularity at
the origin - which is of Morse type due to the condition AC −B2 6= 0.
The case AC−B2 = 0 is absent from generic 1-parameter families of surfaces,
but is stable in 2-parameter ones.
Example. By Theorem3 b), the flecnodal curve of the surface given by
f(x, y) = xy + x5 + y3 + αx2y + α2 x3y + γ x3y2 (2.1)
has a Morse singularity at the origin if α 6= 0 and γ 6= 25α
6 because AC−B2 =
2 · 6!γ − 242α6. But if γ = 25α
6, the flecnodal curve has a semicuic cusp.
Theorem 4. Suppose f20 = f02 = 0, f11 6= 0 and f30 = f03 = 0.
a) If 4f40f04f11 − (3f
2
21 − 2f31f11)(3f
2
12 − 2f13f11) = 0, we get a transition
with a tangency of the left and right branches of the flecnodal curve. Two
hyperbonodes born or die (bi-hyperbonode).
b) If f40 = 0, f50 6= 0 and (3f
2
21 − 2f31f11)(3f
2
12 − 2f13f11) 6= 0 a biflecnode
and a hyperbonode are overlapping at the transition (flec-hyperbonode).
Suppose f20 = f02 6= 0, f11 = 0 and f30 = f03 = f21 = f12 = 0.
c) If (f40−3f22)(f04−3f22)−(f31−3f13)(f13−3f31) = 0, we get a transition
with a tangency of two complex conjugate branches of the flecnodal curve.
It is the collapse of two ellipnodes which born or die (bi-ellipnode).
Note 4. The conditions f20 = f02 = 0 with f11 6= 0 mean the same as in
note 3; therefore, f30 = f03 = 0 guarantees the origin is a hyperbonode.
a) the equality 4f40f04f11 − (3f
2
21 − 2f31f11)(3f
2
12 − 2f13f11) = 0 guarantees
the tangency of the left and right branches of the flecnodal curve.
b) the condition (3f221−2f31f11)(3f
2
12−2f13f11) 6= 0 guarantees the transver-
sality of the two branches of the flecnodal curve, and f40 = 0, f50 6= 0
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guarantee our point is a biflecnode which is not triflecnode.
c) the conditions f20 = k
2f02 6= 0, f11 = 0 with f30 = 3k
2f12, f03 = 3f21/k
2
mean the origin is an ellipnode (the cubic part is multiple of the quadratic
part). At an ellipnode we can choose affine coordinates such that f20 = f02
and f30 = f03 = f21 = f12 = 0, in such coordinate system the equality
(f40− 3f22)(f04− 3f22)− (f31− 3f13)(f13− 3f31) = 0 implies the tangency of
two complex conjugate branches of the flecnodal curve.
Example. The respective normal forms for hyperbonodes of Landis-Platonova
[13, 17] and Tabachnikov-Ovsienko [16] are the following
f(x, y) = xy ± x4 + αx3y + βxy3 + y4 ,
f(x, y) = xy ± Ix4 + x3y + xy3 + Jy4 .
Both satisfy f21 = f12 = 0, so to have an ordinary hyperbonode we need
f40f04 − f31f13 6= 0. We respectively get αβ 6= ±16 and ±16IJ 6= 1.
Flat Umbilics. A point for which the quadratic part of f is zero is called
flat umbilic. At these points the dual of the germ of surface has a D4 front
singularity and all tangent lines are asymptotic lines. But among them either
one or three tangent lines have at least 4-point contact with the surface at our
point (Fig. 6). Namely, if the cubic form of the Taylor series is non degenerate,
its kernel consists either of one line (D+4 ) or of three lines (D
−
4 ).
Clearly, a vector ~u = (u1, u2) belongs to the kernel of the cubic form of f
if and only if ∂3~uf = 0, where ∂~u := u1∂x + u2∂y.
Theorem 5. Suppose f20 = f11 = f02 = 0 with nondegenerate cubic form.
a) D−4 : let ~u, ~v, ~w be the three vectors satisfying ∂
3
~uf = ∂
3
~vf = ∂
3
~wf = 0.
If ∂4~uf ∂
4
~vf ∂
4
~wf 6= 0, then, in the transition moment, three flecnodal curves
with directions ~u, ~v, ~w intersect at the umbilic, where an elliptic disc having
three negative godrons and three neighbouring hyperbonodes are collapsed and
reappear (the reappeared elliptic disc has opposite co-orientation).
b) D+4 : let u be the tangent vector satisfying ∂
3
~uf = 0. If ∂
4
~uf 6= 0, then, in
the transition moment, two branches of parabolic curve transversely intersect
one flecnodal curve with direction ~u at the umbilic, where two approaching
elliptic domains of opposite co-orientation touch each other, not merging but
repulsing each other; an ellipnode passes from one elliptic domain to the other;
a negative godron passes from one parabolic curve to the other.
Note 5. In a, the condition ∂4~uf ∂
4
~vf ∂
4
~wf 6= 0 ensures each over-osculating
asymptotic line has exactly 4-point contact with the surface: this bans the
local presence of biflecnodes. The same does the condition ∂4~u 6= 0 in b.
Degenerate flat umbilics. Thus a flat umbilicD+4 orD
−
4 satisfying ∂
4
~uf = 0
is not stable in generic 1-parameter families of surfaces but is stable in 2-
parameter ones if ∂5~uf 6= 0 - for small values of the parameter the surfaces
have a biflecnode on the flecnodal curve corresponding to the ~u-direction.
Similarly, a flat umbilic D−4 with ∂
4
~uf = ∂
4
~vf = 0 is not stable in generic 2-
parameter families of surfaces but is stable in 3-parameter ones - two flecnodal
curves of the surfaces have one biflecnode.
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Example. The D−4 flat umbilic point of the surface given in Monge form by
f(x, y) = x3 − xy2 + αx3y + βy4 + ψ≥5(x, y) (2.2)
is not stable in generic 1-parameter families of smooth surfaces if ∂4yf = 0,
(∂x + ∂y)
4f = 0 or (∂x − ∂y)
4f = 0, that is, if β = 0, β = −α or β = α.
So the normal form (2.2) in Table 2 of [19] should be accompanied by the
restrictions β 6= 0, β 6= −α and β 6= α. Similarly, one has to impose β 6= 0 to
the D+4 normal form of [19].
Extension to Surfaces in other Spaces. Since the tangential singularities
depend only on the contact of the surface with its tangent lines, all our results
hold for surfaces in the 3-sphere S3; in Lobachevsky 3-space Λ3; in de Sitter
world, etc. Namely, S3 is the double covering of RP3; the lines of the Klein
model of Λ3 are lines of the affine space R3; etc.
2.4 Theorems on bifurcations of inflections of IDE
Each theorem on evolving surfaces of Section 2.3 (besides Theorem5) has an
analogue, but different, theorem on evolving BIDEs :
Theorem0′. At a folded singular point of an IDE F = 0 that satisfies
a) Fy ·
∣∣∣∣ Fxp FppFxx + pFxy Fxp + pFyp + Fy
∣∣∣∣ 6= 0,
b) (∂x + p ∂y)
2F 6= 0 and
c) Fxp + pFyp + Fy 6= 0 ,
the curve of inflections I is quadratically tangent to the discriminant D. That
point locally separates I into its left and right branches : .
The first statement of Theorem0′ appeared first in [6], but the condition
Fxp + pFyp + Fy 6= 0, which prevents the curve of inflections from having a
cusp, was absent.
Theorem 1′. Let VFε ⊂ J
1(R,R) be a generic 1-parameter family of smooth
surfaces (of IDEs). If the surface V = VF0 breaks one of the conditions a, b or
c of Theorem 0′, then the curve of inflections of VFε undergoes the following
respective bifurcations:
a) UW: π(0¯) is a point of 4-point contact of the discriminant D = π(D̂) with
the curve of inflections I = π(Î). It disappears (ε < 0) or splits into two
folded singular points of opposite indices (ε > 0).
b) flec-godron: a negative folded singular point overlaps with a biflecnode which
passes from one branch of the curve of inflections to the other. At ε = 0 the
curve of inflections π(Î) has an inflection at π(0̂).
c) γν: the union of the curves of inflections of VFε, with ε ∈ (−1, 1), is a
surface of the “plane-time” R2× (−1, 1) locally diffeomorphic to the Whitney
umbrella. For ε = 0 the curve π(Î) has a semi-cubic cusp at the folded
singular point π(0¯). For any sufficiently small |ε| 6= 0 the folded singular
point is generic.
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At a critical point of a function F : R3 → R the second degree terms of
the Taylor expansion of F determine a quadratic cone.
Theorem2′. Let {Fε(x, y, p) = 0, ε ∈ R} be a generic one parameter family
of IDEs. If 0¯ is a Morse critical point of F = F0 in general position with
respect to π and to π∨ (see Sect. 3.6), and Fxp 6= 0, then the pair (discrimi-
nant, curve of inflections) undergoes one of the bifurcations a to f of Fig. 5
according to the position of the cone of the quadratic part of F (Fig. 13).
According to [23], the fold and the Whitney pleat are the only stable
singularities of maps from a surface to the plane. All singularities that appear
in generic 1-parameter families of surfaces reduce locally to the projection of
one of the following five surfaces z = f(x, y) along the x-axis ([4]):
Type 1 2 3 4 5
f x2 x3 + xy x3 + xy2 x3 − xy2 x4 + xy
(the surfaces are projected into the (y, z)-plane, and the reduction is realised
by a change of coordinates of the form X(x, y, z), Y (y, z), Z(y, z)).
The contours of these projections are depicted in Fig. 8:
Fig. 8. Generic singularities of projections in one-parameter families of surfaces.
Type 1 is just a fold singularity. Type 2 is a Whitney pleat. On movement
of the surface, at isolated moments the singularities 3, 4 and 5 will appear.
Theorem 3′. If the map π∨|VF
: VF → (R
2)∨, has a singularity of type 3, 4
or 5, then when the parameter ε passes through 0, the curve of inflections of
the solutions of the IDE VFε undergoes, respectively, the lips-, bec-a`-bec- or
swallowtail-bifurcation (described in Fig. 5).
Theorem 4′. The following local bifurcations are stable in generic 1-parameter
families of IDE surfaces VFε:
(i) Two close branches of the curve of inflections with no local intersection
point, approach to each other having a moment of quadratic tangency and
then having two points of transverse intersection (double-hn in Fig. 5).
(ii) A bi-inflection that moves along one branch of the curve of inflections
crosses the other branch of the curve of inflections (flec-hn in Fig. 5).
Theorems 0′ to 4′ are particular cases of the contact geometry Theorems
O to IV, which are stated and proved in Section 5.
2.5 Bifurcations of IDE in a Riemannian plane
Suppose a smooth Riemannian metric is given in the xy-plane R2.
A geodesic inflection (resp. geodesic bi-inflection) of a smoothly immersed
curve in the plane is a point at which the curve has at least 3-point contact
(resp. 4-point contact) with its tangent geodesic at that point.
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The theory developed in the next section implies the
Claim. The bifurcations of the curve of geodesic inflections and of the dis-
criminant curve in generic 1-parameter families of IDEs are those described
in Theorems 1′ to 4′ (Fig.5).
Theorem 0′ holds for the curve of geodesic inflections.
3 IDEs as Surfaces in a Contact 3-Space
We give all necessary tools to understand the geometry of the curve of inflections of an IDE,
showing the Legendrian nature of inflections and providing an “abstract” (but geometric)
definition of inflection in terms of contact geometry.
3.1 Asymptotic Double and Asymptotic IDE
Contact Structure. A contact structure on a smooth manifold is a maxi-
mally non-integrable field of hyperplanes - called contact hyperplanes.
Contact structures may exist only on odd-dimensional manifolds M2n+1.
A field of hyperplanes is locally defined as the field of kernels of a differen-
tial 1-form, say α. The maximal nonintegrability condition is α ∧ (dα)n 6= 0.
Example 1. The 3-space J1(R,R) has a contact structure whose contact
planes are the kernels of the contact form α = pdx − dy : at Q ∈ J1(R,R),
the contact plane is ΠQ = ker(pdx− dy)|Q ⊂ TQJ
1(R,R).
Contact Elements. Let N be an n-dimensional smooth manifold. A contact
element at a point of N is a vectorial hyperplane (of co-dimension 1) of the
tangent space of N at that point (called the point of contact). The set of all
contact elements of N is a (2n − 1)-dimensional manifold (noted by PT ∗N)
endowed with a natural contact structure.
Asymptotic double. Now, consider a generic smooth surface S in RP3. The
asymptotic-double A of S is the (smooth) surface of PT ∗S consisting of the
asymptotic directions along S : at each hyperbolic point, the asymptotic lines
determine two contact elements, while at the parabolic points there is only
one asymptotic contact element (with multiplicity two). See Fig.9.
Fig. 9. The asymptotic-double of a surface.
So, under the natural projection PT ∗S → S (sending each contact element
to its point of contact) the asymptotic double A ⊂ PT ∗S doubly covers the
hyperbolic domain with a fold singularity over the parabolic curve.
To study the flecnodal curve, we shall use the asymptotic double A of S.
Consider a projection of S to an affine plane R2 ⊂ RP 3, from a point
exterior to the projective plane that contains R2, π : S → R2 ⊂ RP 3, and
assume it is a local diffeomorphism at every point of S.
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On one hand, any such projection sends (bijectively) the flecnodal curve
of S onto the curve of R2 formed by the inflections of the images (by π) of
the asymptotic curves of S (see Proposition 5 in Section 4.3).
On the other hand, the derivative of π sends the contact elements of S
to the contact elements of π(S) ⊂ R2 and it induces a contactomorphism
PT ∗S → PT ∗(π(S)) ⊂ PT ∗R2 sending A to a surface A˜ ⊂ PT ∗R2 which
we still call the asymptotic-double of S and which doubly covers (under the
natural projection PT ∗R2 → R2) the image by π in R2 of the hyperbolic
domain.
Consider the surface S as the graph of a function z = f(x, y), and take the
projection (x, y, z) → (x, y), along the z-axis. Then, the asymptotic-double
A˜ ⊂ PT ∗R2 is given by the contact elements of the xy-plane for which
fxxdx
2 + 2fxydxdy + fyydy
2 = 0. (∗)
In order to make calculations, we take the space J1(R,R) (with coordi-
nates x, y, p) as an ‘affine’ chart of PT ∗R2. Namely, J1(R,R) parametrises
all non vertical contact elements of the xy-plane : the contact element with
slope p0 6= ∞ at (x0, y0) is represented by the point (x0, y0, p0) in J
1(R,R).
The asymptotic-double A˜ is the surface in J1(R,R) given by the asymptotic
IDE
af (x, y, p) := fxx + 2fxyp+ fyyp
2 = 0, (a)
obtained from eq. (∗) by taking p = dy/dx. The asymptotic curves of S are
the images by f of the solutions of the IDE (a), whose discriminant (in the
xy-plane) corresponds to the parabolic curve of S.
3.2 Characteristics : Geometric Solutions of IDE
The geometry of IDE is part of the geometry of surfaces in contact 3-spaces.
Its description needs the most important objects of contact geometry :
Legendre submanifolds. A Legendre submanifold of a contact manifold is
an integral submanifold L of the field of contact hyperplanes of the highest
possible dimension (dimension n in a 2n + 1-dimensional contact manifold).
If the contact structure is locally given by the zeros of a contact form α, the
restriction of α to L vanishes : α|L = 0.
Example 2. The 1-graph of a smooth function f : R → R, which is the
immersion in J1(R,R) given by j1f : x 7→ (x, f(x), f ′(x)), is a Legendre curve
of J1(R,R). Indeed, α(x,f(x),f ′(x))(1, f
′(x), f ′′(x)) = f ′(x) · 1− f ′(x) = 0.
Legendrian Fibration. A fibration M2n+1 → Bn+1 of a contact manifold
M2n+1 is said to be Legendrian if all its fibres are Legendre submanifolds.
Example 3. The ‘forgetting derivatives map’ π : J1(R,R)→ J0(R,R) given
by (x, y, p) 7→ (x, y) is called standard Legendrian fibration. Indeed, it is
Legendrian because the restriction of the contact form α = pdx − dy to the
vertical lines vanishes : α(x0,y0,p)(0, 0, p˙) = p · 0− 0 = 0.
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Legendre map. A Legendre map is the projection of a Legendre submanifold
of the space of a Legendrian fibration to its base along its Legendre fibres.
Front. The image of a Legendre map L ⊂M → B is called the front of L.
So given two Legendrian fibrations of M , ρ1 : M → B1 and ρ2 :M → B2,
every Legendre submanifold L ⊂ M has two fronts: the front ρ1(L) in B1
and the front ρ2(L) in B2.
Example 4. Under the standard fibration π : J1(R,R)→ J0(R,R), the front
of the 1-graph j1f of a function f is the usual graph of f (see Examples 2-3).
On any smooth surface V of a contact 3-manifold M the contact structure
defines an intrinsic field of tangent lines :
Characteristics of a surface. At almost every point Q of a generic smooth
surface V ⊂ M the tangent plane of V is different from the contact plane.
These planes intersect on a line tangent to V at Q. This defines the field of
characteristic tangent lines on V. Its integral curves, called the characteristics
of V, are (by construction) Legendre curves of M3.
Characteristic Fronts. Given a Legendrian fibration ρ : M → B, a curve
of B is called characteristic front of the surface V ⊂ M if it is the front of a
characteristic curve of V by ρ : M → B.
Example 5. Given smooth function F : J1(R,R)→ R, the IDE F (x, y, p) =
0 defines a smooth surface VF ⊂ J
1(R,R), called the surface of the IDE.
The (geometric) solutions of the IDE F (x, y, p) = 0 are the characteristic
fronts of VF by the Legendrian fibration π : (x, y, p) 7→ (x, y).
That is, the solutions are the fronts of the characteristic curves of VF .
Characteristic Point. A characteristic point of a surface V ⊂M is a point
at which the tangent plane of V coincides with the contact plane.
Index of a Characteristic Point. For a surface V ⊂M in general position
the set of characteristic points is discrete (possibly empty). At these points
the field of characteristic lines is singular, having index +1 or −1 (Fig. 10).
Folded Singular Point. A folded singular point of a surface V ⊂ M is the
image by a Legendrian fibration ρ : M → B of a characteristic point of V.
For example, a folded singular point of the IDE F (x, y, p) = 0 is the image
by π : (x, y, p) 7→ (x, y) of a characteristic point of the surface VF .
Near a folded singular point with smooth discriminant, the IDE is reduced
to the normal form y = (p + kx)2 by a diffeomorphism on the xy-plane [7].
Depending on the ‘modulus’ k ∈ R, the characteristic point can be a saddle,
a focus or a node. Their respective folded singular points, depicted in Fig. 10,
are called folded focus, folded node and folded saddle.
Index of a Folded Singularity. The index of a folded singular point is the
index of its characteristic point for the characteristic field on V (Fig. 10).
Left and Right Characteristic Fronts. Let V ⊂M be an oriented surface
and ρ : M → B a Legendre fibration with B oriented. The set of fold
singularities of the projection ρ|V : V → B separates V into the domain where
π|V : V → B preserves the orientation, called right domain, and that where it
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Fig. 10. Folded focus, node and saddle of IDEs with their respective indices.
reverses the orientation, called left domain. We say that a characteristic of V
is right (left) at its points on the right domain (resp. left domain).
A characteristic front of V is said to be right (left) at a point if that point
is the image by ρ of a right point of V.
Left and Right Solutions of IDE. The same way, orientating the surface
VF and the xy-plane, the criminant curve separates VF into its right and left
domains. A solution of the IDE F = 0 is right (left) at a point if that point
is the image by π : (x, y, p) 7→ (x, y) of a right (left) point of VF .
3.3 Duality as Geometry of Legendrian Fibrations
Example 6. The standard dual fibration π∨ : J1(R,R)→ (R2)∨ (or Legendre
transform) given by (x, y, p) 7→ (X,Y ) = (p, px − y) is Legendrian. Indeed,
the fibre over the point (X,Y ) = (a, b) is the line of equation ax− y = b (on
the horizontal plane p = a) whose parametrisation x 7→ (x, ax− b, a) satisfies
α(x,ax−b,a)(x˙, ax˙, 0) = ax˙− ax˙ = 0. Observe that the front of this π
∨-fibre by
the map π of Example 3 is the line y = ax− b of the xy-plane.
Conversely, the front by π∨ of the π-fibre (x0, y0, p) over (x0, y0) is the line
Y = x0X − y0 on the XY -plane (R
2)∨, parametrised by p 7→ (p, px0 − y0).
Then the correspondence point↔ line in projective duality is provided by
the Legendrian fibrations π : J1(R,R) → R2 and π∨ : J1(R,R) → (R2)∨.
Namely, the respective fronts by π and π∨ of a π-fibre are a point of R2 and a
line of (R2)∨, while those of a π∨-fibre are a line of R2 and a point of (R2)∨.
Remark. The front of the 1-graph j1f of a function f by the dual fibration
π∨ : J1(R,R)→ (R2)∨ is the graph of the so-called Legendre transform of f .
Legendre Duality and Pairs of Legendrian Fibrations. Projective
duality is generalised (at least locally) by replacing the contact space J1(R,R)
and its standard Legendrian fibrations π, π∨ with any contact 3-manifold M
and a pair of transverse Legendrian fibrations ρ :M → B, ρ∨ :M → B∨ (i.e.,
such that their fibres are nowhere tangent). This was discussed in [3].
In the sequel M denotes a contact 3-manifold, ρ :M → B and ρ∨ :M → B∨
a pair of transverse Legendrian fibrations and V ⊂M is a smooth surface.
For the standard fibrations of J1(R,R) we shall keep the notations π, π∨.
Generalised “Lines”. We say that the front by ρ :M → B of a ρ∨-fibre is
a “line” of B and the front by ρ∨ :M → B∨ of a ρ-fibre is a “line” of B∨.
Generalised “Inflections”. An “inflection” (“bi-inflection”) of a smoothly
immersed curve of B is a point at which the curve has at least 3-point contact
(resp. 4-point contact) with a “line”. We shall also write ρ∨-inflection.
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In this generalised duality, which is governed by the pair of Legendrian
fibrations, the usual correspondence “ inflection↔ cusp ” holds.
Summarising: 1. For a surface z = f(x, y) our study of the flecnodal curve
leads to study the inflections of the solutions of the asymptotic IDE af = 0.
2. We study the curve of inflections of a general IDE F (x, y, p) = 0.
3. We study the curve of “inflections” of the characteristic fronts of a surface
V ⊂M of a contact 3-manifold M .
Surface in RP3 (R3) IDE F (x, y, p) = 0 and VF V ⊂M , ρ, ρ
∨
parabolic curve discriminant ρ-discriminant
asymptotic curve solution of the IDE F = 0 characteristic front
flecnodal curve curve of inflections curve of “inflections”
godron folded singular point ρ-folded singular point
hyperbonode hyperbolic node hyperbolic node
ellipnode (elliptic node) (elliptic node)
biflecnode bi-inflection “bi-inflection”
.
3.4 “Inflections”, Legendrian Fibrations and Contours
Lemma 1. The 1-graphs of two smooth functions, f, g : R→ R, have 2-point
contact (resp. 3-point contact) at a point (x0, y0, p0) ∈ J
1(R,R) if and only
if their graphs have 3-point contact (resp. 4-point contact) at (x0, y0).
Proof. The graphs of f and g have 3-point contact at (x0, y0) if and only
if f(x0) = y0 = g(x0), f
′(x0) = g
′(x0) and f
′′(x0) = g
′′(x0). These three
equalities imply and are implied by the following two equalities defining the
tangency of the 1-graphs of f and g : (x0, f(x0), f
′(x0)) = (x0, g(x0), g
′(x0))
and (1, f ′(x0), f
′′(x0)) = (1, g
′(x0), g
′′(x0)). The proof for the case of 4-point
contact of the graphs of f and g is similar.
Lemma 2. Two Legendre curves of M have 2-point contact (3-point contact)
at a point Q (we assume they are not tangent to the π-fibre at Q) if and only
if their fronts by π (in B) have 3-point contact (resp. 4-point contact) at
π(Q).
Proof. Since all Legendrian fibrations of fixed dimension are locally (in the
bundle space) contact diffeomorphic (see [5]), our Legendrian curves inM are
locally contact-equivalent to the 1-graphs in J1(R,R) of two smooth functions,
and their fronts by π in B are diffeomorphic equivalent to the pair of graphs
of that functions in R2. Now, Lemma2 follows from Lemma1.
Example (Inflection↔ cusp). Let f : R → R be a smooth function. By
Lemma2 its graph has a usual inflection at x0 if and only if its 1-graph is
tangent to the π∨-fibre of J1(R,R) at (x0, f(x0), f
′(x0)), i.e. f
′′(x0) = 0. This
implies that the dual curve on the XY -plane γ∨ : x 7→ (f ′(x), f ′(x)x− f(x))
has a cusp at x0. Namely, (γ
∨)′(x0) = (f
′′(x0), x0f
′′(x0)) = (0, 0).
Example. Check that the inflection of the graph of f(x) = x3 corresponds
to the cusp of its dual curve γ∨ : x 7→ (X(x), Y (x)) = (3x2, 2x3).
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Left and Right Curve of “Inflections”. The “inflections” of the right
(left) solutions form the right (left) curve of “inflections” of that IDE.
Contour and Discriminant. The set of critical points of the restriction of
ρ to V, ρ|V : V → B, noted D̂, is called ρ-contour of V. The ρ-discriminant
of V is the set D = ρ(D̂) of critical values of ρ|V .
Example. Given an IDE F (x, y, p) = 0 and the standard Legendrian fibra-
tion π : J1(R,R)→ R2, the π-contour of VF (or criminant of the IDE F = 0)
is the subset of VF at which Fp = 0 (by the implicit function theorem). If
the surface VF is in general position its π-contour is a smooth curve (possibly
empty).
We only consider IDEs whose contour by π satisfies at every point Fpp 6= 0
(i.e. the π-fibre has exactly 2-point contact with VF ).
The π-discriminant of VF is also called the discriminant of the IDE F = 0.
Remark. Clearly, given a smooth surface V of a contact 3-manifoldM , for every Legendrian
fibration ρ :M → B, all characteristic points of V belong to its ρ-contour D̂.
Proposition 1. A Legendre curve L is tangent to a characteristic of V at a
(non characteristic) point if and only if L is tangent to V at that point.
Proof. A Legendre curve L is tangent to V at a point if and only if at that
point the tangent line to L lies in the tangent plane to V; but, since L is
Legendrian, its tangent line lies also in the contact plane. So this tangent
line is a characteristic line of V.
Inflection-Contour Theorem. The curve formed by the “inflections” of
the characteristic fronts of V is the image under ρ of the ρ∨-contour Î of V.
Proof. The front ρ(γ) of a characteristic γ of V has an “inflection” at a point
q = ρ(Q) if and only if it has at least 3-point contact at q with a “line” ρ(ℓ)
(ℓ being a ρ∨-fibre). This holds, by Lemma 2, if and only if the characteristic
γ has at least 2-point contact with the π∨-fibre ℓ at Q. This means that Q
belongs to the ρ∨-contour Î of V (by Proposition 1, applied to L = ℓ).
Therefore, the map ρ send the fold singularities of the map ρ∨|V : V → B
∨
to the “inflections” of the characteristic fronts of V – Fig. 11.
Fig. 11. The map ρ sends the critical set of ρ∨ : V → B∨ to the curve of “inflections”.
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3.5 “Bi-inflections” as Whitney Pleat Singularities
It is well known that a generic map between surfaces has fold singularities
along a (possibly empty) curve on the source, whose closure is smooth [5].
Besides fold singularities, a generic map between surfaces may only have the
so-called Whitney pleat singularity at isolated points :
Whitney pleat. TheWhitney pleat, also called theWhitney cusp, is a stable
singularity and it is the singularity, at zero, of the map (x1, x2) 7→ (y1, y2):
y1 = x
3
1 + x1x2, y2 = x2 .
The fold singularity and the Whitney pleat reduce locally to the projection
of the surfaces z = x2 and z = x3 + xy (in the (x, y, z)-space), respectively,
to the (y, z)-plane along the x-axis. The reduction is realised by a change of
coordinates of the form X(x, y, z), Y (y, z), Z(y, z).
Remark. Let Q be a point of a characteristic γ of V. If the front ρ(γ) has
a “bi-inflection” at ρ(Q), then the surface V has at least 3-point contact with
the ρ∨-fibre at Q (Lemma 2). One can also prove that if a ρ∨-fibre has 3-point
contact with V at a point Q then that ρ∨-fibre has 3-point contact with the
characteristic γ of V through Q. That is, ρ(γ) has a “bi-inflection” at ρ(Q).
So for V ⊂M generic, the Whitney pleats of ρ∨|V : V → B
∨ correspond to
the “bi-inflections” of the characteristic fronts of V by ρ (this holds for any
Legendrian fibration ρ : M → B transverse to ρ∨). Therefore, we obtain the
Bi-inflection-Pleat Theorem. Let γ be a characteristic of a generic smooth
surface V ⊂ M . The map ρ∨|V : V → B
∨ has a Whitney pleat singularity at
Q ∈ γ if and only if the front ρ(γ) has a “bi-inflection” at ρ(Q).
Fig. 12. A Whitney pleat of the map ρ∨ : V → B∨ and a “bi-inflection”.
Example. If VF ⊂ J
1(R,R) is the surface of a generic IDE F (x, y, p) = 0, the
dual map π∨|VF
: VF → (R
2)∨ has a Whitney pleat at a point Q ∈ VF if and
only if the solution through π(Q) of the IDE F = 0 has a usual bi-inflection.
Whitney Pleat Remark. For a generic map between 2-dimensional mani-
folds Whitney Theorem implies that 1. The critical set is a smooth curve;
2. At each point of this curve the kernel of the derivative is 1-dimensional;
3. This kernel is transverse to the critical set at its generic points, being
tangent to this curve at some isolated points.
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An explicit calculation (using the above normal form) shows that the
kernel of the derivative is tangent to the critical set only at the Whitney
pleats.
This implies the following proposition.
Proposition 2. Let V ⊂ M be a generic smooth surface. A ρ∨-fibre is
tangent to the ρ∨-contour of V at a point Q if and only if the front by ρ of
the characteristic curve of V through Q has a “bi-inflection” at ρ(Q).
Corollary (“biinflection” characterisation). A point of B is a “bi-inflection”
of a characteristic front of V if and only if the curve of “inflections” of the
characteristic fronts of V is tangent to that front.
Proof. Since the kernel of the map ρ∨|V : V → B
∨ at a point (of the ρ∨-contour
Î) is the tangent space of the ρ∨-fibre through that point, the statement
follows from Proposition 1, Inflection-contour Theorem and Proposition 2.
For a generic smooth surface in RP3 the above corollary provides the
Biflecnode’s Property. A point of a smooth surface S of RP3 (or R3) is a
left biflecnode of S if and only if at that point the left flecnodal curve is tangent
to the left asymptotic direction (the same holds for the right biflecnodes).
3.6 Quadratic Cones and Legendrian Fibrations
We give the definitions and results needed to state and prove Theorems 2 and 2′.
Let us list the generic positions of a quadratic cone and two lines through its vertex.
Cone in General Position. A quadratic cone in the vector space R3 is
in general position with respect to two distinct lines through its vertex if the
plane determined by these lines is not tangent to the cone and none of these
two lines is a cone generatrix.
Singular Point in General Position. A Morse conic singular point of a
surface V ⊂ M is in general position with respect to two transverse Legen-
drian fibrations if the quadratic cone determined by that surface is in general
position with respect to the tangent lines to the two fibres at that point.
Example 7. Let π be the standard Legendrian fibration of J1(R,R) and π∨
the standard dual fibration of π. If F (x, y, p) = 0 is an IDE with a Morse
singularity at 0¯ = (0, 0, 0), the quadratic cone defined by F at 0¯ is
Fxx(0¯)x
2 + Fyy(0¯)y
2 + Fpp(0¯)p
2 + 2Fxy(0¯)xy + 2Fxp(0¯)xp + 2Fyp(0¯)yp = 0.
At 0¯ the π-fibre is the p-axis and the π∨-fibre is the x-axis. Therefore, 0¯ is a
critical point of F in general position with respect to π and π∨, if and only if
(F 2xp − FxxFpp)(0, 0, 0) 6= 0, Fpp(0, 0, 0) 6= 0, and Fxx(0, 0, 0) 6= 0.
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Six Generic Positions. There are six generic relative positions of a quadratic
cone (possibly imaginary) with respect to two lines ℓ1, ℓ2 through its vertex
and to the plane plane Πℓ1ℓ2 determined by those lines (Fig.13):
(a) the interior of the cone contains ℓ1 but not ℓ2;
(b) the plane Πℓ1ℓ2 intersects the cone only at the origin;
(c) the interior of the cone contains ℓ2 but not ℓ1;
(d) the cone is imaginary, but its vertex being real;
(e) the interior intersects the plane Πℓ1ℓ2 but does not contain ℓ1 nor ℓ2;
(f) both ℓ1 and ℓ2 lie inside the cone.
Fig. 13. Generic relative positions of a quadratic cone and two lines through its vertex.
If ℓ1 and ℓ2 are the tangent lines to the π- and π
∨-fibres of J1(R,R) at
0¯, then these six relative positions correspond to the bifurcations a to f of
Fig. 5. However, a non evident, but crucial, genericity condition is needed :
the tangent lines to the π- and π∨-fibres must not be conjugate diameters of
the cone.
In classical geometry one proves that, given a straight line ℓ through the
vertex of a non-degenerate (possibly imaginary) quadratic cone K ⊂ R3 of
equation P2(x, y, z) = 0, the quadrics of equation P2(x, y, z) = ε, for any
ε ∈ R (including K), have the same diametral plane conjugate to ℓ.
Diameters Remark. The diametral plane ofK conjugate to ℓ is constructed
as follows: a plane Π containing ℓ intersects K along two lines ℓ2, ℓ3 (pos-
sibly imaginary). Take the line ℓ4 = ℓ4(Π) that together with ℓ separate
harmonically the pair ℓ2, ℓ3 (i.e., the cross ratio (ℓ2, ℓ3; ℓ, ℓ4) equals −1). The
diametral plane of K conjugate to ℓ is the union of the fourth harmonic lines
ℓ4(Π), taken over all planes containing ℓ. In particular, a diametral plane of
K is conjugate to a line ℓ lying on K if and only if that plane is tangent to
K along ℓ.
Conjugate Diameters. Two lines through the vertex of a non-degenerate
quadratic cone K are said to be conjugate diameters of K, if one of them is
contained in the conjugate diametral plane of the other.
Let ρ : R3 → R2 be a fibration of parallel lines and write ℓ for the ρ-fibre
through the origin. The basic properties of conjugated diameters imply:
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Proposition 3. Let K ⊂ R3 be a non-degenerate quadratic cone of equation
P2(x, y, z) = 0. If the ρ-fibre ℓ does not lie on K, then the union of the ρ-
contours of the quadrics P2(x, y, z) = ε, with ε ∈ R, is the diametral plane
conjugate to ℓ of any of these quadrics (including K).
In fact, the ρ-contour of a quadric P2(x, y, z) = ε is the intersection of
that quadric with the diametral plane conjugate to ℓ of K.
Proposition 4. Let F : R3 → R be a function whose level surface F = 0 has
a Morse conic singular point at the origin 0¯. If the ρ-fibre ℓ at 0¯ does not
lie on the quadratic cone K defined by F (see Example 7), then the surface
formed by the ρ-contours of the surfaces F = ε is smooth at 0¯ and its tangent
plane at 0¯ is the diametral plane of K conjugate to ℓ.
Proof. By Proposition 3, in the neighbourhood of 0¯, the ρ-contours of the
surfaces F = ε form a surface which is a deformation (by higher order terms)
of the diametral plane conjugate to ℓ of K. The tangent plane of this surface
at 0¯ depends only on the quadratic terms of F .
4 Preparatory Results and Lemmas
Consider a smooth function F : J1(R,R)→ R, (x, y, p) 7→ F (x, y, p).
Inflection Function. The inflection function of F , IF : J1(R,R) → R, is
defined by
IF (x, y, p) := Fx(x, y, p) + pFy(x, y, p).
Flec-Surface. The surface defined by the equation IF (x, y, p) = 0 in the
space J1(R,R) is called the flec-surface of F .
4.1 Preparatory Lemmas for IDE F (x, y, p) = 0
Lemma 0. The contour of the surface VF by the projection π
∨ (i.e. the
π∨-contour) is the intersection of VF with the flec-surface of the function F .
Proof. An easy computation shows (and it is well known, [3]) that the char-
acteristic direction (subsection 3.2) is generated by the vector field
(x˙, y˙, p˙) = (−Fp ,−pFp , Fx + pFy). (∗)
The direction field (∗) is tangent to the π∨-fibre at a point of VF if and only
if this field is horizontal, i.e. if and only if Fx+pFy = 0. Thus the π
∨-contour
of VF consists of the points of VF at which I
F (x, y, p) = 0.
Corollary. A point of the surface VF is a characteristic point if and only if
dF 6= 0, Fp = 0 and Fx + pFy = 0 at this point.
Lemma A. The origin belongs to the flec-surface of F if and only if Fx(0¯) =
0.
Proof. IF (0, 0, 0) = (Fx + pFy)(0, 0, 0) = Fx(0, 0, 0).
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Lemma B. The flec-surface of F has vertical tangent plane at the origin if
and only if
Fxp(0, 0, 0) + Fy(0, 0, 0) = 0.
Proof. The tangent plane to the flec-surface is vertical at a point if and only if
IFp = 0 at that point, i.e. if and only if Fxp+pFyp+Fy = 0 at that point.
Lemma C. Suppose that the origin is a Morse critical point of F . The flec-
surface of F has vertical tangent plane at the origin if and only if
Fxp(0, 0, 0) = 0.
Proof. The statement follows from Lemma B.
4.2 Lemmas for the Asymptotic IDE af(x, y, p) = 0
Lemma D. The function af satisfies the equalities
afxp(0, 0, 0) + a
f
y (0, 0, 0) =
3
2
afxp(0, 0, 0) = 3a
f
y (0, 0, 0) = 3fxxy(0, 0).
Proof. Direct, short and easy calculation (by hand).
Lemma E. The flec-surface of af has vertical tangent plane at the origin if
and only if
afy(0, 0, 0) = 0.
Proof. Lemma B (applied to F = af ) and Lemma D imply Lemma E.
Lemma F. If the function af has a critical point then its flec-surface has
vertical tangent plane at that point.
Proof. Since we are supposing that the critical point is the origin, we have
afx(0, 0, 0) = a
f
y(0, 0, 0) = a
f
p(0, 0, 0) = 0. By Lemma A (for F = af ), the
point belongs to the flec-surface. Now Lemma F follows from Lemma E.
Lemma G. If the flec-surface of af has vertical tangent plane at a point of
the criminant then this point is critical for the function af .
Proof. Suppose the point is the origin. By Lemma A, afx(0¯) = 0. By Lemma
E, afy(0¯) = 0. The origin belongs to the criminant if and only if a
f
p(0¯) = 0.
4.3 Flecnodal Curve and Curve of Inflections
Proposition 5. Given a smooth surface S in Monge form z = f(x, y), the
projection (x, y, z) 7→ (x, y) (along the z-axis) sends the flecnodal curve of S
onto the curve of inflections of the asymptotic IDE af (x, y, p) = 0 :
fxx + 2fxyp+ fyyp
2 = 0. (a)
Of course, the discriminant (in the xy-plane) of the IDE (a) corresponds
to the parabolic curve (in the xyz-space) of the surface z = f(x, y).
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Proof of Proposition 5. Consider a regularly parametrised curve on S
γ(t) = (γ1(t), γ2(t), f(γ1(t), γ2(t))), γ(0) = (0, 0, 0), γ
′(0) 6= (0, 0, 0) .
Its tangent line at γ(0) is parametrised by ℓ(s) = γ(0) + sγ′(0). Consider the
function G(x, y, z) = f(x, y)− z. The line ℓ has 4-point contact with S at the
origin if and only if the function g(s) = (G ◦ ℓ)(s) has a 0 of multiplicity 4
at s = 0. We already have g(0) = g′(0) = 0 because ℓ is tangent to S at the
origin. (To simplify, we write γ′1 and γ
′
2 instead of γ
′
1(0) and γ
′
2(0); and since
the function f and its partial derivatives are evaluated at (sγ′1, sγ
′
2), we omit
to note this point.) The function g is given by
g(s) = s(fxγ
′
1 + fyγ
′
2)− f.
We have therefore
g′′(s) = s(fxxx(γ
′
1)
3 + 3fxxy(γ
′
1)
2γ′2 + 3fxyyγ
′
1(γ
′
2)
2 + fyyy(γ
′
2)
3)+
+fxx(γ
′
1)
2 + 2fxyγ
′
1γ
′
2 + fyy(γ
′
2)
2.
So g′′(0) = 0 if and only if the vector (γ′1, γ
′
2) satisfies the equation
(fxx(γ
′
1)
2 + 2fxyγ
′
1γ
′
2 + fyy(γ
′
2)
2)|s=0 = 0.
g′′′(s) = fxxx(γ
′
1)
3+3fxxy(γ
′
1)
2γ′2+3fxyyγ
′
1(γ
′
2)
2+ fyyy(γ
′
2)
3+ s · (something).
Thus, g′′′(0) = 0 if and only if the vector (γ′1, γ
′
2) satisfies the equation
(fxxx(γ
′
1)
3 + 3fxxy(γ
′
1)
2γ′2 + 3fxyyγ
′
1(γ
′
2)
2 + fyyy(γ
′
2)
3)|s=0 = 0.
But the curve of inflections of the IDE af (x, y, p) = 0 is given by the equations
fxx + 2fxyp+ fyyp
2 = 0 and Ia
f
= afx + pa
f
y = 0
and the last equation is written as fxxx+3fxxyp+3fxyyp
2+ fyyyp
3 = 0.
5 Proofs of the Theorems
We separate the bifurcations of tangential singularities of surfaces in Fig. 4
(and also for IDE - Fig. 5) into classes of distinct natures :
I. Local bifurcations involving characteristic points (A4 and flec-godron);
II. Bifurcations involving conic singular points of the asymptotic double (A3);
III. local bifurcations involving Whitney pleats (lips, bec-a`-bec, swallowtail);
IV. Bifurcations involving multi-singularities (bi- and flec-hyperbonodes);
Along this section we consider a contact 3-manifold M and we take two
fixed transverse Legendre fibrations ρ : M → B and ρ∨ : M → B∨ .
5.1 Bifurcations Involving Characteristic Points
TheoremO. Let Q be a characteristic point of a smooth surface V ⊂ M
such that the ρ-fibre at Q has exactly 2-point contact with V and
a) the ρ-contour D̂ of V is not tangent to the ρ∨-contour Î of V;
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b) the ρ∨-fibre is not tangent to the ρ∨-contour Î of V;
c) the ρ-fibre is not tangent to the ρ∨-contour Î of V.
Then the discriminant D = ρ(D̂) and the curve of “inflections” I = ρ(Î)
are quadratically tangent at ρ(Q). The point ρ(Q) locally separates I into its
left and right branches Iℓ, Ir (Fig.14).
Proof. The derivative of ρ|V : V → B at Q sends tangent lines of D̂ and Î to
the image line of the tangent plane of V at Q. So I and D are tangent.
The condition of 2-point contact of the ρ-fibre at Q with V implies that
there are local smooth coordinates (x, y, z) in M (near Q) and (x, y) in B
(near ρ(Q)) such that V is given by the equation y = z2; the ρ-contour D̂ is
the x-axis and the map ρ is given by (x, y, z) 7→ (x, y).
By condition (b), the contour Î may be parametrised by the x-coordinate
x 7→ (x, (αx + βx2 + hot(x))2, αx+ βx2 + hot(x)). (5.1)
Its image I = ρ(Î) is the curve (x, α2x2+2αβx3+β2x4+hot(x)). Condition
(a) implies α 6= 0, proving the quadratic tangency with D (the x-axis).
Fig. 14. Projection of two transverse contours at a characteristic point.
Since D̂ and Î intersect each other transversely at Q, the contour D̂ locally
separates Î at Q (Fig. 14). That is, Î has one branch on the left component
of V and the other branch on the right one. This implies that ρ(Q) locally
separates the left and right branches of the curve of “inflections”.
In generic 1-parameter families of IDE, conditions a), b) and c) can fail at
isolated parameter values at which the respective bifurcations of the following
Theorem occur
Theorem I. Let Vε ⊂M be a generic 1-parameter family of smooth surfaces.
If the surface V = V0 breaks one of the conditions a, b or c of Th.O, then the
curve of “inflections” of Vε undergoes the respective bifurcations (Fig. 5):
a) UW : ρ(Q) is a point of 4-point contact of the discriminant D = ρ(D̂) with
the curve of “inflections” I = ρ(Î). It disappears (ε < 0) or splits into two
folded singular points of opposite indices (ε > 0).
b) flec-godron: a negative folded singular point overlaps with a biflecnode
which passes from one branch of the curve of “inflections” to the other (as ε
changes sign). At ε = 0 the curve of “inflections” ρ(Î) has itself an “inflec-
tion” at ρ(Q).
c) γv: for ε ∈ (−1, 1) the surface of the 3-space B × (−1, 1) formed by the
curves of “inflections” of Vε is locally diffeomorphic to the Whitney umbrella.
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For ε = 0 the curve ρ(Î) has a semi-cubic cusp at the folded singular point
ρ(Q). For any sufficiently small |ε| the folded singular point is generic.
Proof. Case a. The curve Î can be parametrised by (5.1), with α = 0 and
β 6= 0. So its image I = ρ(Î) is the curve (x, β2x4 + hot(x)), that is, I has
4-point contact with D = ρ(D̂) (the x-axis).
A small generic deformation of the function βx2 + hot(x) is given (up to
a ‘translation in the x-coordinate’) by ε + β¯x2 + hot(x), with β¯ 6= 0. The
corresponding deformation of the contour Î, x 7→ (x, (βx2 + hot(x))2, βx2 +
hot(x)), is given by x 7→ (x, (ε + β¯x2 + hot(x))2, ε + β¯x2 + hot(x)). So the
curve of “inflections” is parametrised by x 7→ (x, (ε+β¯x2+hot(x))2). Suppose
β¯ < 0, i.e. β < 0 (the case β¯ > 0 is equivalent).
For small ε < 0, the function ε+ β¯x2+hot(x) has no zeros near the origin.
Thus the curves D̂ε and Îε have no point of intersection (see Fig. 15).
Fig. 15. The UW -bifurcation.
For small ε > 0 the function ε+β¯x2+hot(x) has two zeros near the origin.
Thus the curves D̂ε and Îε intersect at two neighbouring folded singular points
(see Fig. 15).
Case b. By Whitney Pleat Remark and Proposition 2 (p.21), condition (b)
implies that the map ρ∨|V : V → B
∨ has a Whitney pleat at Q. The ρ-contour
D̂ε of Vε locally separates Vε into its left and right components and, hence, also
separates Îε into its left and right branches. Since the characteristic points
and the Whitney pleats are stable, the surfaces Vε 6=0 have also a characteristic
point and a Whitney pleat. For generic family Vε the Whitney pleat crosses
transversely the ρ-contour, passing from one branch of Îε to the other at
ε = 0. The statements of the theorem follow from this fact.
Case c. By condition (c), the ρ∨-contour Î can be parametrised by the
z-coordinate as (βz2 + γ0z
3 + hot(z), z2, z). Its image under ρ is the curve
(βz2 + γ0z
3 + hot(z), z2),
which is sent by the affine transformation (x, y) 7→ (x − βy, y) to the semi-
cubic cusp (γ0z
3+hot(z), z2), γ0 6= 0 (the condition γ0 = 0 is of codimension
2 and gives rise to a ramphoid cusp (δz4 + hot(z), z2), δ 6= 0).
A deformation of V = V0 inside a generic 1-parameter family Vε ⊂ M
induces a deformation of the curve of “inflections” z 7→ (γ0z
3 + hot(z), z2),
which is given (up to a ‘translation in the first coordinate’ and an affine
transformation (x, y) 7→ (x− βy, y)) by the parametrisation z 7→ (εz + γz3 +
hot(z), z2), where γ = γ(ε) and γ(0) = γ0.
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Fig. 16. The γv-bifurcation in “surface-time” B × (−1, 1): a Whitney umbrella.
As the parameter ε changes, the tangent line to the ρ∨-contour of Vε at
the characteristic point passes through the ‘vertical’ position (at ε = 0) with
non zero angular velocity.
The surface in plane-time (x, y, ε) formed by the union of the curves of
this family is the image of the map (z, ε) 7→ (εz + γz3 + hot(ε, z), z2, ε).
This map is a perturbation with higher order terms of the (Whitney) map
(z, ε) 7→ (εz + γ0z
3, z2, ε), which is stable (Remark 2). For fixed ε < 0, the
parametrised curve z 7→ (εz+ γ0z
3, z2) has a double point which is the image
of the values z = ±
√
−ε/γ0, like in Fig. 16.
5.1.1 On Theorems 1 and 1′ related to Theorem I
Theorem1′ is a particular case of Theorem I. The statements of Theorem1
that correspond to items a) and b) of Theorem I were proved in [21]. It
remains to prove that item c) of Theorem I never occurs for the flecnodal
curve:
No Cusp Theorem. The flecnodal curve of a smooth surface in RP3 (or
R
3) has never a cusp at a godron at which the parabolic curve is smooth.
Proof. Assume the surface has a godron g at z0 = f(x0, y0) with smooth
parabolic curve. Since its corresponding point (x0, y0, p0) ∈ Af ⊂ J
1(R,R) is
a characteristic point of the surface Af , the point (x0, y0) is a folded singular
point of the IDE af = 0 with smooth discriminant. Therefore (x0, y0, p0) is
not a critical point of the function af .
The curve of inflections of the IDE af = 0 is the image under the map
π : (x, y, p) 7→ (x, y) of the π∨-contour of Af . So, the curve of inflections has
a cusp at (x0, y0) if and only if the tangent line to the π
∨-contour of Af at
(x0, y0, p0) is vertical. But since the π
∨-contour of Af is the intersection of
Af with the flec-surface of a
f , this intersection has vertical tangent line at a
point only if the flec-surface of af has vertical tangent plane at that point. By
Lemma G, this is impossible for a non-critical point of the function af .
5.2 Bifurcations Involving Quadratic Conic Points
Theorem II. Let {Vε, ε ∈ R} be a generic 1-parameter family of surfaces
VFε ⊂ M given by functions Fε : M → R. If F = F0 has a Morse critical
point in general position with respect to ρ and ρ∨, and the tangent lines of
the two fibres at this point are not conjugate diameters of the quadratic cone
defined by V, then the pair (D, I) undergoes one of the bifurcations a to f of
Fig. 5 in accordance with the position a to f of the quadratic cone (Fig. 13).
Moreover, two folded singular points of equal indices born or die (Fig. 5).
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In Fig. 17, we show a deformation of the cone (in the cases a and f) and
the projections to the xy-plane of its contours by π and π∨. The white dotted
lines show the intersection of the surface with the contact plane at the origin
(i.e. the plane y = 0). See also Fig. 5.
Fig. 17. Deformation of a cone in J1(R,R) and the projections of the contours with respect
to pi and pi∨. Cases a and f.
Here, we only prove Theorem2′, a particular case of Theorem II :
Proof of Theorem 2′. Under the conditions of the theorem the surface VF has
a conic Morse singularity at the origin. By the stability of the Morse critical
points, the functions Fε have a Morse critical point near the origin; we can
suppose it is the origin (by a translation and a rotation in the xy-plane,
depending on ε).
Then, the 2-jet (in x, y, p) of our family Φ is written in the form
j2Φ(x, y, p; ε) = Ap2 +By2 + Cx2 + 2Dxp+ 2Exy + 2Gyp− E ,
where A = a+a1ε+· · · , B = b+b1ε+· · · , C = c+c1ε+· · · , D = d+d1ε+· · · ,
E = e+ e1ε+ · · · , G = g + g1ε+ · · · and E = ε+ hot(ε).
Since the origin is a critical point of F , Fx(0, 0, 0) = 0. So, the origin
belongs to the flec-surface of F (Lemma A). The condition Fxp = d 6= 0 and
Lemma C, imply that, at the origin, the flec-surface of Fε (for all ε sufficiently
close to 0) is smooth and its tangent plane Πε is not vertical. Thus, for ε
sufficiently close to 0, the π∨-contour of the surface VFε (i.e. the intersection
of VFε with the flec-surface of Fε) is diffeomorphic, in a neighbourhood of the
origin, to the intersection of VFε with the tangent plane Πε to the flec-surface
of Fε at the origin.
The fact that the plane Πε is not vertical implies that, near the origin in
the xy-plane, the image of the curve VFε ∩Πε under the vertical projection is
a curve diffeomorphic to the flecnodal curve of the IDE Fε = 0.
The flec-surface of j2Fε is given by the equation
IFε = 2(Cx+Dp+Ey + p(By + Ex+Gp)) = 0.
So, the tangent plane Πε to the flec-surface of Fε at the origin is given by the
equation
p = −
1
D
(Cx+ Ey).
Substituting this equation in the equation j2Φ = 0 we get a family of curves
in the xy-plane whose 2-jet in x, y, ε is defined by the equation
c(ac− d2)x2 + 2c(ae − dg)xy + (ae2 + bd2 − 2deg)y2 = ε+ αε2,
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where α is some constant real number.
After a diffeomorphism in the ε-axis, this equation is transformed into
c(ac − d2)x2 + 2c(ae − dg)xy + (ae2 + bd2 − 2deg)y2 = ε,
which defines a family of conics. For ε = 0 the conic degenerates into a pair
of lines (may be complex conjugated) through the origin.
On the other hand, the 2-jet of the family of discriminant curves corre-
sponding to the family of IDEs {Fε = 0}, is obtained by eliminating p from
the equations Fε = 0 and ∂Fε/∂p = 2(Ap +Dx+Gy) = 0. In a similar way
as we have done above for the curves of inflections, we obtain the equation
(ac− d2)x2 + 2(ae− dg)xy + (ab− g2)y2 = aε,
which also defines a family of conics. For ε = 0 the conic degenerates into a
pair of lines (may be complex conjugated) through the origin.
Observe that the discriminant of the quadratic form associated to the
(approximated) families of flecnodal and discriminant curves are equal to
cd2(cg2 − abc+ ae2 + bd2 − 2deg) and a(cg2 − abc+ ae2 + bd2 − 2deg),
respectively. In terms of the function F , these discriminants are given as
−FxxF
2
xp
∣∣∣∣∣∣
Fxx Fxy Fxp
Fxy Fyy Fyp
Fxp Fyp Fpp
∣∣∣∣∣∣
|(0,0,0)
and − Fpp
∣∣∣∣∣∣
Fxx Fxy Fxp
Fxy Fyy Fyp
Fxp Fyp Fpp
∣∣∣∣∣∣
|(0,0,0).
Both conics are of the same type (i.e. both are ellipses or both are hy-
perbolas) if and only if a and c have the same sign. This gives six possi-
bilities which correspond to the six relative positions of the cone given by
the quadratic part of F with respect to the standard contact structure of
J1(R,R) and the Legendrian fibrations π and π∨ (see Fig. 13). We get the six
bifurcations from a to f of the pair (curve of inflections, discriminant curve)
depicted in Fig. 5.
Proof of Theorem 2 (on the Flecnodal Curve)
Proposition. If the function af has a Morse critical point, then the quadratic
cone K determined by the equation af = 0 cannot have positions e and f with
respect to the fibrations π and π∨ (Fig.13). Moreover, the cross-ratio defined
by the two lines determined by K (on the contact plane) with the tangent lines
to the fibres of π and π∨ is equal to −1.
Proof. Lemma D implies that afxp(0, 0, 0) = 0. By Example 7 the intersection
of the cone with the plane y = 0 consists of the two lines given by the equation
afxx(0, 0, 0)x2 + a
f
pp(0, 0, 0)p2 = 0. Therefore the positions e and f of the cone
are impossible (see Fig.13) and the cross-ratio of these lines with the x- and
p-axes (the directions of the π∨- and π-fibres) is evidently −1.
30
So, in the study of surfaces, only the positions a,b,c, and d take place.
Proof of Theorem 2. A generic family of smooth surfaces {z = fε(x, y)}
defines the family of asymptotic IDE {afε = 0}. As above we can suppose
that the functions afε have a Morse critical point at the origin.
Then, by Lemma F and Lemma C, the 2-jet of our family Φf of asymptotic
IDE (in the variables x, y, p) can be written in the form
j2Φf (x, y, p; ε) = Ax2 + 2Bxy + Cy2 +Dp2 + 2Gyp − E ,
where A = a + a1ε + · · · , B = b + b1ε + · · · , C = c + c1ε + · · · ,
E = e+ e1ε+ · · · , G = g + g1ε+ · · · , and E = ε+ hot(ε).
The first approximation in ε is given by the family if IDEs
Ψf (x, y, p; ε) = af − ε = ax2 + 2bxy + cy2 + dp2 + 2gyp − ε = 0.
The fact that af (0¯) = 0 and 0¯ is a critical point of af (x, y, p) imply that
at (x, y) = (0, 0) we have
f20 = f11 = f30 = f21 = 0 .
So the part of the Taylor expansion of f determining the cone of af = 0 is
f(x, y) =
ax4
12
+
bx3y
3
+
cx2y2
2
+
gxy2
2
+
dy2
2
+ · · · . (5.2)
With a scaling we make d = 1. The condition f40(f22 − 2f
2
12) − f
2
31 6= 0
means a(c− g2)− b2 6= 0. We can make g = 0 by a projective transformation
(using the fact that xy2 is a multiple of the quadratic part of f). Thus the
above first approximation in ε of the family of asymptotic IDEs becomes
af (x, y, p) − ε = ax2 + 2bxy + cy2 + p2 − ε = 0 . (5.3)
Then the flec-surface is given by the equation
Ia
f
/2 = (ax+ by) + (cy + bx)p = 0.
Making the change of variables X = ax + by, Y = cy + bx (which is
possible only if ∆ = ac− b2 6= 0) we get the equalities
x = (bY − cX)/∆, y = (bX − aY )/∆ and p = −X/Y .
Inserting them in (5.3) we get, by short hand calculations,
∆X2 + cX2Y 2 − 2bXY 3 + aY 4 − ε∆Y 2 = 0 , (5.4)
which is the equation of a Whitney umbrella, whose isochronal section ε = 0 is
tangent at the pinch-point. Namely, it is a perturbation with 4th degree terms
of the standard Whitney umbrella, X2 = εY 2. Indeed, for each k 6= 0 the
section with the plane ε = k is locally diffeomorphic to the pair of transverse
lines given by the equation X2 = kY 2 (being real for k > 0 and complex
conjugate for k < 0).
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The plane section ε = 0 is diffeomorphic to the curve ∆X2 + aY 4 = 0,
which consists of two tangent parabolas (imaginary if a∆ > 0). Thus the
Whitney umbrella is elliptic if a∆ > 0 and hyperbolic if a∆ < 0.
For g 6= 0 we also get a Whitney umbrella, as expected, whose isochronal
plane section ε = 0 is diffeomorphic to two tangent parabolas given by the
equation (3g2a2 +∆a)Y 4 + 4g3a2XY 2 +∆2X2 = 0, with ∆ 6= ag2.
Parabolic Curve. The parabolic curve is provided by the Hessian curve,
fxxfyy − f
2
xy = 0 . At the bifurcation moment it is given by the equation :
(ax2 + 2bxy + cy2)(cx2 + gx+ 1)− (bx2 + 2cxy + gy)2 = 0 . (5.5)
Then (for ∆ 6= ag2) the parabolic curve is diffeomorphic, near the origin, to
the two transverse lines (may be imaginary) given by the equation
a2x2 + 2abxy + (ac− ag2)y2 = 0 . 
Stability. In the preceding proof, for each ε the flecnodal curve of the IDE
af−ε = 0 is the vertical projection of the intersection curve of the flec-surface
of af with the surface Aε (of the IDE a
f − ε = 0). The flec-surface of af is
thus foliated by curves labeled by ε whose vertical projection is the flecnodal
curve of the corresponding IDE af − ε = 0. This defines a map from the
flec-surface of af to the plane-time 3-space (x, y, ε), whose image is (the 2-
dimensional part of) the Whitney umbrella swiped by the flecnodal curves of
this family. This map singularity is stable [Whitney].
5.2.1 Higher Codimensional “Conic” Points of the surface af = 0
Consider a surface z = f(x, y) such that the function af has a critical point
at 0¯ with af (0¯) = 0. Assume that f40 6= 0 and f02 = 1, and write
∆ = 3f40
[
2f12(f12f03f
2
40 + 3f
2
12f40f31 + f
3
31 − f
2
40f13) + f31(f31f41 − f40f32)
]
+f331f50+f
3
40f23.
Theorem 6. The parabolic curve P and the flecnodal curve F of the surface
z = f(x, y) have the following singularities at (0, 0) :
P F picture conditions codim
A1 A3 f40(f22 − 2f
2
12)− f
2
31 6= 0. 3
A2 A6 f40(f22 − 2f
2
12)− f
2
31 = 0, ∆ 6= 0. 4
A3 A9 f40(f22 − 2f
2
12)− f
2
31 = 0, ∆ = 0. 5
.
On the proof. The first case is part of Theorem2. In the second case, we
make a suitable linear change of coordinates so that the relevant terms of
the Newton diagram of the Hessian polynomial are Hf (x, y) = x
2 + ∆y3 +
. . ., giving an A2 singularity for the parabolic curve - the A6 singularity
of the flecnodal curve is obtained by a calculation and using the Newton
diagram of the polynomial If (x, y). The condition ∆ = 0, of third case,
clearly provides an A3 singularity for the parabolic curve and the singularity
A9 of the flecnodal curve is obtained similarly as we did in the second case.
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Note. We made only one picture for each case, but the first and third cases
have four real realisations and the second case has two real realisations.
Example. The surface whose local Monge form is
f(x, y) = y2/2± x4 + αx3y + (2β2 ±
3
8
α2)x2y2 + βxy2 ,
satisfies the condition f40(f22 − 2f
2
12)− f
2
31 = 0. So if αβ(α
2 ± 8β2) 6= 0 (i.e.
∆ 6= 0) the parabolic and flecnodal curves of the surface have, respectively,
the singularities A2 (a cusp) and A6 at 0¯. If β = 0 we get the normal form
f(x, y) = y2/2 ± x4 + αx3y ± 38α
2x2y2 of [19] whose parabolic and flecnodal
curves have the respective singularities A3 and A9 because ∆ = 0.
5.3 Bifurcations Involving Whitney Pleats
Let Vε be a generic 1-parameter family of smooth surfaces ofM , with V = V0.
Theorem III. If the map ρ∨|V : V → B
∨, has a singularity of type 3, 4 or
5, then when the parameter ε passes through 0, the curve of “inflections” of
the ρ-solutions of Vε undergoes the lips-, bec-a`-bec- or swallowtail-bifurcation,
respectively, described in Figs. 5 and 4.
Proof. Theorem III follows from the known fact (c.f. [5]) that under a generic
1-parameter deformation of the singularities of types 3, 4 and 5, their respec-
tive contours undergo a bifurcation in which two Whitney pleats born or die
(see Fig. 18). A generic 1-parameter deformation of the surfaces z = x3+xy2
and z = x3 − xy2 whose projections along the x-axis have the singulari-
ties of the types 3 and 4, is given by the families z = x3 + xy2 + εx and
z = x3 − xy2 + εx, respectively. For each ε, the intersection of the plane
y = y0 = const. with the curve of singular points of the projection of the
surface along the x-axis consists of the points of the graph of the function
f |y=y0(x) = x
3 ± xy20 + εx at which the tangent line is horizontal. Thus,
the projection of the curve of singular points to the (x, y)-plane is given
by the points at which the partial derivative with respect to x vanishes,
fx(x, y; ε) = 0. One obtains the family of conics 3x
2 ± y2 + ε = 0 which
bifurcates at ε = 0 (see Fig. 18 lips and bec-a`-bec). The born or dying
bi-inflections in these bifurcations correspond to the born or dying Whitney
pleats of the ρ∨-contour of V. In a similar way, for the singularity of type 5,
we have the family of surfaces z = x4 + xy + εx2 and we obtain the curve
4x3 + y + 2εx = 0. For ε > 0 this curve has two points whose tangent is
parallel to the x-axis (corresponding to two Whitney pleats), at ε = 0 these
points collapse and for ε < 0 they disappear.
Proof of Theorem3 (a). Since f30 = f40 = 0, the pair of surfaces given by
the equations af (x, y, p) = 0 and If (x, y, p) = 0 are smooth and transverse at
0¯ because 3f221 − 2f31f11 6= 0 (just compute the differentials). If we consider
these surfaces as graphs of functions p = pa(x, y) and p = pI(x, y), then the
projection of their intersection to the xy-plane (that is, the flecnodal curve) is
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Fig. 18. The bifurcations of the curve of “inflections” correspond to the bifurcations of
projections of surfaces in generic one-parameter families.
given by the zeroes of the difference pa(x, y)−pI(x, y). A direct computation
shows that the Taylor series of this difference has the form(
f31
3f21
−
f21
2f11
)
y + 2βxy + γy2 +
f60
3f21
x3 + · · · ,
which implies the left (right) flecnodal curve has second order tangency with
the left (resp. right) asymptotic line (for any value of β and γ). Then we have
a double biflecnode, which can disappear or split into two simple biflecnodes.
This proves Theorem3 (a).
Proof of Theorem3 (b). For generic 1-parameter families of surfaces, the
corresponding pairs of surfaces af = 0 and If = 0 may have one point of
tangency for isolated parameter values. At such a point the differentials of
af and If are proportional; and at 0¯ this proportionality is equivalent to the
equality 3f221 − 2f31f11 = 0 because f30 = f40 = 0. If we consider these
surfaces as graphs of functions p = pa(x, y) and p = pI(x, y), the projection
of their intersection to the xy-plane consists of the zeroes of the difference
pa(x, y) − pI(x, y), whose Taylor series is given by Ax
2 + 2Bxy + Cy2 + · · · ,
where A = f50f11, B = f41f11− 2f31f21 and C = 3f31f12−
9
2f22f21+ f32f11.
The statements of Theorem3 (b) follow from this fact.
5.4 Bifurcations Involving Multisingularities
The bec-a`-bec transition of the curve of “inflections” of the fronts of V comes
from a Morse bifurcation at an unstable double point of the ρ∨-contour of V.
It is possible to have stable self-intersection points of the curve of inflec-
tions, but they correspond to multisingularities. Suppose there are two parts
(domains) of a generic surface V, say V1 and V2, which project under ρ to the
same domain of B. Their ρ∨-contours Î1 and Î2 are smooth curves whose im-
ages I1 = ρ(Î1) and I2 = ρ(Î2) are also smooth curves which can have points
of transverse intersection. In this case, an intersection of the two branches of
the curve of “inflections” is a multisingularity (a fold singularity in V1 and
fold singularity in V2) which is stable under small deformations of V.
For the flecnodal curve of a surface it is a hyperbonode (Fig. 7).
Theorem IV. The following local bifurcations are stable in generic 1-parameter
families of surfaces Vε ⊂M :
(i) Two close branches of the curve of inflections with no local intersection
point, approach to each other having a moment of quadratic tangency and
then having two points of transverse intersection (bifurcation 13 of Fig. 5).
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(ii) A bi-inflection that moves along one branch of the curve of inflections
crosses the other branch of the curve of inflections (bifurcation 14 of Fig. 5).
Proof. Consider a surface V ⊂ M with two parts V1, V2 having non empty
ρ∨-contours Î1, Î2 and which project under ρ to the same domain of B.
Item (i) follows from the following fact: deforming separately V1 and V2
we can move separately the corresponding branches of the curve of inflections.
For the proof of Item (ii), first, we can fix V1 in such a way that the
projection ρ∨|V : V → C has a Whitney pleat at a point of V1, that is,
there is a “bi-inflection” point lying in I1 = ρ(Î1). Next, one obtains the
bifurcation 14 of Fig. 5 by moving V2 in such a way that the curve I2 = ρ(Î2)
passes trough the “bi-inflection” point in I1. The stability of the bifurcation
(ii) follows from the stability of the Whitney pleat singularity. 
5.5 On the proof of Theorem5
We shall study the local bifurcation at ε = 0 of the parabolic and flecnodal
curve of the surfaces Sε given by the following 1-parameter family of funcions :
fε(x, y) =
ε
2
(x2 ± y2) +
1
2
(x2y ± y3). (5.6)
Notice that a generic family of funcions will contain terms of degree ≥ 4, which will only
break the symmetries - the terms αx3y and βy4 will ban the local presence of biflecnodes
as we have seen at the end of Section 2.3 (see also Fig. 6 of Section 1.2).
The parabolic curves of these surfaces (given by the Hessian) are the conics
of equation
±(3y + 2ε)2 − 3x2 = ±ε2 :
a hyperbola in the case D+4 and an ellipse in the case D
−
4 .
To describe the flecnodal curves, we use the equations afε = 0, Ifε = 0:
(y + ε) + 2xp± (ε+ 3y)p2 = 0 , 3p(1± p2) = 0 .
Case D+4 . Insert the solutions of the equation 3p(1 + p
2) = 0 (p = 0 and
p = ±i) in the equation (y + ε) + 2xp + (ε + 3y)p2 = 0. We respectively
get the line of equation y = −ε, tangent to the Hessian hyperbola at the
godron (0,−ε), and the complex conjugate lines y = ±i which provide an
ellipnode at the origin - their (real) intersection point. At ε = 0 the Hessian
curve degenerates into two transverse lines through the origin, but there is
no Morse bifurcation because ε2 does not change sign.
Case D−4 . Insert the solutions of the equation 3p(1− p
2) = 0 in the equation
(y + ε) + 2xp + (ε + 3y)p2 = 0. We respectively get the lines y = −ε and
y = ±x, tangent to the Hessian ellipse at the respective godrons (0,−ε) and
(±ε/2,−ε/2). They intersect each other at three hyperbonodes. At ε = 0,
the Hessian ellipse, the three godrons and the three hyperbonodes collapse to
the origin, but reappear when ε changes sign (since ε2 does not change sign).
Theorem5 follows from these facts because the parabolic and flecnodal
curves, and the godrons, hyperbonodes and ellipnodes are stable tangential
singularities. The introduction of terms of higher degree (in order to get
a generic 1-parameter family) will deform the straight lines that form the
flecnodal curve into smooth curves, but will not change the configurations.
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Appendix A Examples of families of IDEs
Example. Consider the family of implicit differential equations
{Fε(x, y, p) = y − x
3 − εx− p2 = 0}.
For a fixed value of ε, the criminant is provided by the system of equations
Fε = 0 and (∂Fε/∂p) = 0. So, the discriminant is given by the equation:
y = x3 + εx.
By Lemma 0 and Inflection-contour Theorem, the curve of inflections of the
equation Fε = 0 is the projection along the p-direction of the intersection of
the surfaces given by the equations F (x, y, p) = 0 and IF (x, y, p) = 0:
y = x3 + εx+ (3x2 + ε)2.
For each x, the coordinate y of the curve of inflections is not less than the
coordinate y of the discriminant. For ε > 0 these curves have no intersection
point. For ε < 0 they have two points of tangency, i.e. two folded singular
points. For ε = 0 these two folded singular points collapse into a folded
singular point with multiplicity 2.
Example (multiple folded singular point). Consider the implicit differential
equation
F (x, y, p) = y − f(x)− p2 = 0,
where f : R → R is a smooth function. Its discriminant curve and its curve
of inflections are defined by the respective equations
y = f(x), and y = f(x) + (f ′(x))2.
If f is a polynomial of degree k then f(x) + (f ′(x))2 has degree 2k − 2.
Moreover, if f has an Ak singularity at the origin then f(x)+(f
′(x))2 has also
an Ak singularity at the origin. In particular, if f(x) = x
k+1, the multiplicity
of intersection at the origin of the criminant with the curve of inflections is
2k, i.e. we have a folded singular point with multiplicity k.
Example (by P. Pushkar). Consider the family of IDEs (with ε ∈ R)
Fε(x, y, p) = x
2 + xp+ p2 +
1
2
(y − 1)2 − ε = 0 .
Combining the equations Fε(x, y, p) = 0 and I
Fε(x, y, p) = 0, one obtains
the curve of inflections of the IDE Fε(x, y, p) = 0:
4x2 + (
1
2
− ε)y2 − y3 − 2x2y + x2y2 +
1
2
y4 = 0.
The discriminant of the IDE Fε(x, y, p) = 0 is the ellipse of equation
3
4
x2 +
1
2
(y − 1)2 = ε.
In Fig.19, the curve of inflections and the discriminant curve are depicted
for ε = 1, 1/2, 2/9 and 0. At ε = 1/2, the curve of inflections undergoes a
γv-perestroika; at ε = 0, we have the bifurcation f of Fig.5.
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Fig. 19. Discriminant curve and curve of inflections of P. Pushkar Example.
Appendix B The Whitney Umbrella
The standard Whitney umbrella is the germ at the origin of the “surface”, in
the space with coordinates (x, y, z), given by the equation x2 = zy2 (Fig. 20).
It intersects the planes z = const > 0 in pairs of lines x2 = ay2 and the planes
y = const in parabolas z = bx2. This “surface” contains the whole z-axis and
has the form of an eccentric umbrella, whose handle is the negative z-axis. A
Whitney umbrella is a germ of surface diffeomorphic to the standard Whitney
umbrella.
Fig. 20. The Whitney umbrella
Whitney Singularity. The Whitney singularity of a map R2 → R3 is the
germ at zero of the map which, in suitable coordinates, is given by the formula
(u, v) 7→ (uv, v, u2). The image of this map is the Whitney umbrella without
its handle. This singularity is stable (see Whitney [23]).
Remark. A generic transverse section of the Whitney umbrella, through its
pinch-point, is a curve having a semi-cubic cusp (Fig. 16).
Special tangent line. At the pinch-point of a Whitney umbrella, there is
special tangent line: at each point of the self-intersection curve (the curve
of double points) the surface has two transverse tangent planes (one for each
local branch). Going along the self-intersection curve towards the pinch point,
these planes tend to a single plane, and coincide with that plane at the pinch-
point. In this plane there are two distinguished lines, one of them is the
tangent line to the self-intersection curve and the other, called the special
tangent line, is the line tangent to the surface (the y-axis in Fig. 20).
All planes containing this special line are tangent to the Whitney um-
brella.
Appendix C Proof of Theorem II
To prove Theorem II, we generalise the above notion of “flec-surface” :
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Flec-Surface. The flec-surface of a 1-parameter family of surfaces Vε ⊂ M
is the surface swiped by the ρ∨-contours Îε of the surfaces Vε.
Example 8. The flec-surface of the family of level surfaces F = ε of a
function F : M → R, is just the flec-surface of the function F .
Remark. Thus the ρ∨-contour Îε of the surface Vε is the intersection of Vε
with the ρ∨-flec-surface of the function Fε. The ρ
∨-contours Îε, ε ∈ R, define
a (singular) foliation of I(Vε).
Now, consider a Legendrian fibration of M , ρ : M → B.
Lemma 3. Let F : M → R be a function whose level surface F = 0 has a
Morse conic singular point Q. If the tangent line ℓ of the ρ-fibre at Q does
not lie on the quadratic cone K ⊂ TQM defined by F , then
(i) at Q, the ρ-flec-surface of F is smooth, its tangent plane is the diametral
plane of K conjugate to ℓ and this plane does not contain ℓ;
(ii) near Q, the foliation of the ρ-flec-surface is diffeomorphic to the foliation
of the plane by the level curves of a function near a Morse critical point.
Proof. (i) By Proposition 4, Lemma3 holds for M = J1(R,R) with ρ its
standard Legendrian fibration π. On the other hand, any Legendrian fibration
of a contact 3-manifold is locally contactomorphic to π : J1(R,R) → R2
([5]). The derivative of the contactomorphism (being linear) preserves the
conjugacy relations (which are projectively invariant). The last assertion of
(i) follows from last sentence of Diameters Remark (in Section 3.6).
(ii) By item (i), we can take local coordinates x, y, z near Q such that the
ρ-flec-surface of F is locally given by the equation z = 0 and the surface VFε
has equation ε = ax2 + by2+ cz2 + dxy+ exz + gyz +ψ≥3(x, y, z), where the
quadratic cone 0 = ax2 + by2 + cz2 + dxy + exz + gyz is non degenerate and
not tangent to the surface z = 0.
So, in these coordinates, the foliation of the ρ-flec-surface is given by the
level curves ε = ax2 + by2 + dxy + ψ≥3(x, y, 0). The lemma is proved.
The following lemma is the simplest case of Theorem II.
Lemma 4. Let F : M → R be a function whose level surface F = 0 has a
Morse conic singular point Q in general position with respect to ρ and ρ∨.
Write K for the quadratic cone defined by F in TQM . If the tangent lines
to the ρ and ρ∨-fibres at Q are not conjugate diameters of K, then the pair
(Dε, Iε) of the surface Vε (of equation F = ε) undergoes, at ε = 0, one of the
bifurcations a to f of Fig. 5 in accordance with the position of K (in Fig. 13).
Proof. Lemma3 holds for both our fibrations ρ and ρ∨.
Proof of Theorem II. Write K for the quadratic cone of TQM defined
by the surface V0, I(Vε) for the ρ
∨-flec-surface of the family Vε and ℓ for the
tangent line of the ρ∨-fibre at Q. The ρ∨-flec-surface I(Vε) is smooth at Q
and very close to the diametral plane conjugate to ℓ of K (being a smooth
deformation of this plane, see Lemma 3).
First, we have to prove that the tangent plane of I(Vε) at Q is still the
diametral plane conjugate to ℓ of K. The flec-surface I(Vε), being the union
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of the ρ∨-contours Îε of the surfaces Vε contains the curve Î0 (singular at Q)
which is the intersection of the surface V0 (having a conic Morse singularity
at Q) with the (smooth) flec-surface of the function F0 (see Example 8 and
Lemma 3). So the curve Î0 has a Morse double point at Q. If the branches
of Î0 are real, then their tangent lines determine the tangent plane of the
surface I(Aε), which is the tangent plane of the flec-surface of F0 at Q and is
therefore the diametral plane conjugate to ℓ of K. If the branches of Î0 are
complex conjugate, then (locally) Î0 is just the point Q but the tangent plane
of the flec-surface I(Aε) at Q is still the tangent plane of the flec-surface of
the function F0, that is, the diametral plane of K conjugate to ℓ.
Since the tangent lines of the fibres of ρ and ρ∨ at Q are not conjugate
diameters of K, the projection ρ|I(Vε) : I(Vε)→ B of the flec-surface I(Vε) at
Q is a local diffeomorphism. The local bifurcation of the curve of inflections
is thus described by the singular foliation of I(Vε) in the neighbourhood of
Q. Since the curve Î0 has a Morse double point at Q, the curve of inflections
bifurcates as the level curves of a function having a Morse critical point, near
the critical level.
The change (by 2 or −2) of the Euler characteristic of the surface Vε at the
transition, implies that the number of folded singular points changes locally
by 2 and also provides the indices of those folded singular points. 
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